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We present scalar-relativistic energy-consistent Hartree-Fock pseudopotentials for the main-group elements.
The pseudopotentials do not exhibit a singularity at the nucleus and are therefore suitable for quantum Monte
Carlo (QMC) calculations. We demonstrate their transferability through extensive benchmark calculations of
atomic excitation spectra as well as molecular properties.In particular, we compute the vibrational frequencies
and binding energies of 26 first- and second-row diatomic molecules using post Hartree-Fock methods, finding
excellent agreement with the corresponding all-electron values. We also show that our pseudopotentials give
superior accuracy than other existing pseudopotentials constructed specifically for QMC. Finally, valence basis
sets of different sizes (VnZ with n=D,T,Q,5 for 1st and 2nd row, and n=D,T for 3rd to 5th row) optimized for
our pseudopotentials are also presented.

I. INTRODUCTION

Pseudopotentials are widely used in quantum chemistry and
condensed matter physics to increase the computational ef-
ficiency of ab-initio electronic structure calculations. The
chemically inert core electrons are replaced by an angular-
momentum-dependent effective potential acting on the va-
lence electrons. This results in a smaller number of explic-
itly treated electrons and usually a smoother potential, signif-
icantly reducing the computational cost for heavy elements.
The use of pseudopotentials is well established in density
functional theory (DFT), Hartree-Fock (HF) and subsequent
highly-correlated quantum chemical calculations1.

Pseudopotentials are a very important ingredient also in
quantum Monte Carlo (QMC) calculations2. The scaling of
fixed-node diffusion Monte Carlo (DMC) with the number
of electronsN is a modestN4 when compared to a highly-
correlated quantum chemical approach such as the coupled-
cluster singles and doubles method with a perturbative treat-
ment of the triples (CCSD(T)) which scales asN7 and is
therefore limited in its applicability to small systems3–6. Un-
fortunately, the computational cost of DMC increases approx-
imately7,8 asZ5.5−6.5 with the atomic numberZ. Therefore,
the use of pseudopotentials to reduce the effective value ofZ
significantly improves the efficiency of DMC in dealing with
heavier atoms and has made feasible in recent years the appli-
cation of this technique to complex systems.

Many complete sets of ab-initio pseudopotentials are avail-
able in the literature but most of them were not generated
specifically for use within QMC. For instance, DFT pseu-
dopotentials constructed in combination with the local density
and various generalized gradient approximations are readily
available but it appears from others9 as well as personal expe-
rience that the use of DFT pseudopotentials in DMC calcula-
tions may lead to significantly larger errors than the use of HF
pseudopotentials. Various pseudopotentials generated within
HF are also publicly available but generally diverge as1/r2

or 1/r at the nucleus since they were constructed for use in
quantum chemistry codes without paying attention to smooth-
ness considerations. These singularities will however result in
large time-step errors in DMC if the pseudo-valence-orbitals
used to construct the determinantal component of the QMC

trial wave function do not have the correct behavior close to
the nucleus9. Since the orbitals in the trial wave function are
usually taken from a DFT, a HF or a small multi-determinant
correlated calculation performed with a quantum chemistry
code, they are often expressed in terms of Gaussian functions
which cannot properly describe the orbitals at small radii in
the presence of a divergent pseudopotential. Very large Gaus-
sian basis sets would be required to ameliorate the problem.

Greeff and Lester9 and Ovcharenkoet al.10 have generated
non-singular HF pseudopotentials from Be to Ne and Al to
Ar for use in QMC calculations. These pseudopotentials have
however several drawbacks as they only cover part of the peri-
odic table, do not include relativistic effects, are not delivered
with basis sets, and do not have a p-projector for the second-
row elements. More recently, Trail and Needs11,12have gener-
ated non-divergent Dirac-Fock spin-orbit averaged relativistic
potentials for H to Ba and Lu to Hg. They also proposed a
transformation to remove the long-range non-locality which
arises from the exchange interaction in HF theory and sup-
plied spin-orbit pseudopotentials. However, their pseudopo-
tentials lack the corresponding basis sets, and do not include a
d-projector for the transition-metal and post-transition-metal
elements but treat the d-potential as local.

In this paper, we design non-singular energy-consistent
scalar-relativistic HF pseudopotentials for the main-group el-
ements, which are especially suitable for QMC calculations.
The pseudopotentials are given as a compact expansion over
few Gaussian functions multiplied by powers of the electron-
nucleus separation and are therefore readily usable in any
quantum chemistry package employed to generate the start-
ing trial wave function for the QMC calculation. For all pseu-
dopotentials, we also provide Gaussian basis sets of different
sizes. For the 1st and 2nd row elements, the basis sets range
from valence-double-zeta up to valence-quintuple-zeta (VnZ,
n=D,T,Q,5) while, for the elements of the 3rd and 4th row, we
provide VDZ and VTZ basis sets.

We demonstrate the accuracy and transferability of our
pseudopotentials through extensive benchmark calculations.
We compute the atomic excitation spectra of all elements
within Hartree-Fock and the vibrational frequencies and bind-
ing energies of 26 first- and second-row diatomic molecules
using post Hartree-Fock methods. We find that our pseudopo-
tentials give excellent agreement with the corresponding all-
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electron values, and are more accurate than the pseudopoten-
tials constructed specifically for QMC by Lester and cowork-
ers9,10 and by Trail and Needs11,12. Finally, we test the per-
formance of our pseudopotentials within QMC for the carbon
and silicon atoms, where we obtain a comparable size of the
DMC localization error but a higher efficiency than when us-
ing the Trail-Needs pseudopotentials.

The paper is organized as follows. In Section II, we de-
scribe how we generate the pseudopotentials and basis sets.
In Section III, we present a series of benchmark calculations
to test the accuracy and transferability of our pseudopoten-
tials. In Section IV, we discuss the size of the localization
error and the efficiency of our pseudopotentials in QMC. All
equations are given in atomic units (a.u.). The pseudopoten-
tial and basis-set information is available in the supplemental
material13 and from the authors institute homepages14,15.

II. THEORY

For a thorough discussion of pseudopotential theory includ-
ing relativistic effects, we refer the reader to Ref. 16 and ref-
erences therein. The electronic valence Hamiltonian for a sys-
tem withNv valence electrons andNn nuclei is given by

Hval = −
1

2

Nv
∑

i

∆i +

Nv
∑

i<j

1

rij

+

Nv
∑

i

Nn
∑

I

V I
pp(i) , (1)

wherei andj index the electrons, andI the nuclei.V̂ I
PP(i) is

an angular-momentum-dependent (semi-local) pseudopoten-
tial operator which mimics core-valence repulsion and core-
valence orthogonality:

V̂ I
pp(i) = V I

loc(rIi) +

lmax
∑

l=0

V I
l (rIi) P̂ I

l , (2)

whereP̂ I
l denotes a projection operator on the spherical har-

monics centered on the nucleusI:

P̂ I
l =

l
∑

m=−l

|Ylm〉 〈Ylm| . (3)

Due to orthogonality considerations, the value oflmax should
at least equal the highest-angular-momentum quantum num-
ber present in the core of the atom. The parameters in the
local componentV I

loc and in the non-local channelsV I
l are

determined as described below.

A. Shape- and energy-consistent pseudopotentials

The pseudopotentials presented in this work are constructed
following the so-calledenergy-consistent scheme16. Since
most pseudopotentials available in the literature are instead
generated according to theshape-consistent method, we will
briefly review both pseudopotential-generation schemes and
illustrate the difference between the two approaches.

In the shape-consistent approach, the all-electron valence
orbitals are obtained either in HF9–12,17–19or in Kohn-Sham
DFT21–23for the lowest atomic configuration and transformed
into node-less pseudo-valence-orbitals which exactly match
the all-electron ones beyond a chosen core radius. The
pseudo-orbitals are usually constructed to have the same norm
as the all-electron orbitals to ensure that the scattering proper-
ties of the pseudopotential and the full potential have the same
energy variations to first order when transferred to other en-
vironments21. The pseudopotential is then derived either by
inversion of the HF or Kohn-Sham DFT equations11,17,21–24

or by direct fit of the all-electron eigenvalues and orbitalsbe-
yond some core radius using a parameterized analytical pseu-
dopotential9,18. If inversion is used, the pseudopotential is
obtained on a numerical grid and must be fitted to a Gaus-
sian representation for its use in standard quantum chemistry
packages. This non-linear fit is a numerically fragile proce-
dure yielding long analytic expansions with large oscillating
coefficients18,24. On the other hand, a very compact analytic
expression is obtained when using a direct fit to generate the
pseudopotential9,18.

The energy-consistent approach follows a rather different
philosophy. While a shape-consistent pseudopotential is only
determined by the reference atomic configuration in which
it was generated and norm-conservation ensures its transfer-
ability to some degree, an energy-consistent pseudopotential
is obtained by requiring that it reproduces the all-electron
valence energies of a number of different configurations for
the atom under consideration. A parameterized analytical
form for the pseudopotential is chosen and the parameters
determined by direct fit of the reference energies. It has
been shown25 that energy-consistent pseudopotentials yield
a slightly more accurate description of the valence correla-
tion energies than the shape-consistent pseudopotentialsof
Refs. 19,24.

B. Energy-consistent pseudopotential generation

In this work, the all-electron reference energies to con-
struct our energy-consistent pseudopotentials are calculated
at the scalar-relativistic, i.e. spin-orbit interaction free, Wood-
Boring Hartree-Fock level of theory26 within the LS coupling
scheme. For atomic one-electron systems in s states, the
energy-dependent Wood-Boring Hamiltonian yields the same
eigenvalues as the Dirac Hamiltonian as well as the exact large
components of the eigenfunctions. For other angular mo-
menta, the J-averaged Dirac-Hartree-Fock solutions are ap-
proximated. Due to the use of a local potential approximation
in the mass-velocity, Darwin and averaged spin-orbit terms,
the results are approximate for many-electron atoms. The de-
viations in energy differences for valence excitations, ioniza-
tion potentials and electron affinities for elements as heavy
as gold from spin-orbit averaged Dirac-Hartree-Fock data us-
ing a Dirac-Coulomb-Hamiltonian are typically at most a few
hundredths of an electron volt. The main advantage of the
Wood-Boring approach is the possibility to perform calcula-
tions within the nonrelativistic coupling scheme (i.e. LS cou-
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pling for atoms) which is nowadays used by almost all QMC
and the majority of quantum chemical studies. Consequently,
the adjustment and the subsequent use of the pseudopoten-
tial will employ the same coupling scheme. All calculations,
both for the generation of the reference energies as well as
the actual pseudopotential fit, are performed with a numeri-
cal finite-difference code to avoid errors introduced by a finite
basis set27.

The all-electron LS-state averaged scalar-relativistic HF en-
ergies are computed for a multitude of electronic configura-
tions of the atom under consideration. These configurations
include energetically low-lying single and double excitations
of the valence electrons as well as the first and second cation
if the atom contains enough valence electrons. The anionic
ground-state is also included if the anion calculation con-
verges. Convergence of the anion is obtained for the main-
group elements to the right of the 3rd column (boron column)
inclusive. For the selected configurations, the total valence
reference energies are then obtained by subtracting the core
energy from the all-electron energy. For example, for silicon
where we use a neon core, we subtract the Si4+ energy from
the energy of the ground- and the excited-state configurations
to obtain the total valence energies for each configuration.The
configurations used to generate the pseudopotentials can be
found for all elements in the supplemental material13 and are
listed for carbon and silicon in Table I and II, respectively.

We construct the pseudopotentials using the largest possible
“noble” core plus a filled d-shell for the elements to the right
of the transition metals. In addition, an f-shell is included
for the elements Tl, Pb, Bi, Po, At, and Rn. A local poten-
tial with no Coulombic singularity is also provided for H and
He. To determine the parameters in our pseudopotentials, we
proceed as follows. Starting with an analytical pseudopoten-
tial guess, we iteratively solve the valence-only HF equations
and optimize the pseudopotential parameters to reproduce the
calculated total valence energies. This procedure yields very
compact analytic pseudopotentials as discussed in the follow-
ing Section.

C. Functional form of the pseudopotential

Our pseudopotentials are parameterized as a sum of Gaus-
sian functions multiplied by powers of the electron-nucleus
separation, which is the standard form accepted by any quan-
tum chemistry package. As discussed in the introduction, the
pseudopotential should have no singularities at the nucleus,
so we choose as local component (Eq. 2) the following simple
expression (we omit the atom indexI):

Vloc(r) = −
Zeff

r
+

Zeff

r
exp (−α r2)

+ Zeffα r exp (−β r2) + γ exp (−δ r2) , (4)

whereZeff is the effective charge of the nucleus andα, β, γ,
andδ are variational parameters. The local component is finite
and behaves quadratically for smallr.

For a 1st-row element, the pseudopotential is then given by

V̂pp = Vloc(r) + ζ exp (−η r2) |0〉 〈0| , (5)

where|0〉 〈0| denotes the projection operator with angular mo-
mentuml = 0 (Eq. 3), andζ andη are two free parameters.
The full s-potential should be repulsive inside the core region
and become attractive at large distances as illustrated forthe
carbon and silicon atoms in Fig. 1. Since we desire a smooth
potential, we require that the s-potential has a negative curva-
ture at the origin by imposing the additional non-linear con-
straint on the variational parameters:

γδ + ζη > 0 . (6)

For a second-row element, we introduce a p-projector as

V̂pp = Vloc(r) + ζ exp (−η r2) |0〉 〈0|

+ µ exp (−ν r2) |1〉 〈1| , (7)

which yields two additional variational parameters,µ andν.
Similarly, we require a negative curvature for the p-potential
obtaining a second constraint:

γδ + µν > 0 . (8)

Analogously, each further projector for rows 3 and 5 (d- and
f-cores, respectively) is described by a single Gaussian func-
tion, has two additional variational parameters and yieldsone
additional constraint. For this quadratic fitting problem,our
pseudopotential-generation code27 was extended to include
theDONLP2solver by Spellucci28–30.

For all elements, the quality of the fit is higher than the one
obtained in the construction of the singular energy-consistent
pseudopotentials of Ref. 31 even though, in most cases, we
employ an even larger set of reference configurations in the
fit32. Consequently, our pseudopotentials will be at least as
accurate and transferable as those of Ref. 31, and their good
performance is demonstrated in Section III.

D. Valence basis sets

For all pseudopotentials, we present basis sets in the supple-
mental material13. The basis sets are constructed to minimize
the single-reference CCSD(T) ground-state energy. Since al-
kaline elements only have one valence electron while at least
two electrons are needed to account for correlation in the con-
struction of the basis set, the alkaline basis sets are adjusted
by minimization of the dimer energy. The same procedure is
also followed for the alkaline-earth elements to avoid thatthe
basis sets become too compact. For all the other elements,
the atomic energy is used. The CCSD(T) calculations are per-
formed using theMOLPROprogram package33.

The optimization is carried out in three steps. First, an even-
tempered set of 7 to 10 primitives with s- and p-symmetry
is generated and optimized to minimize a CCSD(T) calcula-
tion for the atom. Second, the primitives for each angular
momentum are contracted using the orbital coefficients from
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FIG. 1: Our energy-consistent non-singular pseudopotentials and the
Trail-Needs (TN) pseudopotentials for the carbon (top) andthe sili-
con (bottom) atom. All values are in a.u.

the HF reference state to yield one contracted s- and one p-
function. All VnZ (n=D,T,Q,5) basis sets for one element
share the same contracted s- and p-function to reduce the com-
putational demands in the basis-set generation. In a third step,
uncontracted primitives are added according to the so-called
“correlation consistent” scheme as proposed by Dunninget
al.34 Since the VDZ basis consists of a (2s 2p 1d) set of func-
tions, the VTZ, VQZ and V5Z basis comprise a (3s 3p 2d 1f),
a (4s 4p 3d 2f 1g), and a (5s 5p 4d 3f 2g 1h) set of functions,
respectively.

III. TEST CALCULATIONS

The use of a pseudopotential yields significant computa-
tional benefits but represents an approximation which intro-
duces a systematic error and must therefore be tested. To
establish both the accuracy and transferability of our pseu-
dopotentials, we compute atomic excitation spectra within
Hartree-Fock and molecular properties employing well estab-
lished correlated approaches like second order Møller-Plesset

perturbation-theory (MP2) and the CCSD(T) method. We
then address the QMC specific issues of localization error and
efficiency.

A. Hartree-Fock atomic excitations

Atomic excitation energies, ionization potentials and elec-
tron affinities are well established in the pseudopotentialliter-
ature as a measure of the pseudopotential quality10,11,19,22,31.
Since our pseudopotentials are adjusted to reproduce these
properties, they are likely to perform better in these atomic
tests than pseudopotentials which are not energy-consistent.

In Table I, we list the errors obtained with our pseudopo-
tential on the excitation energies, ionization potentialsand
electron affinities of the carbon atom with respect to the cor-
responding LS-state averaged scalar-relativistic Wood-Boring
Hartree-Fock all-electron energies. We also present the er-
rors obtained with the pseudopotentials of Ovcharenkoet al.10

and with the pseudopotentials by Trail and Needs11,12. In Ta-
ble II, we show the same comparison for the silicon atom. All
the pseudopotential and the all-electron calculations areper-
formed with a finite-difference HF code27 to avoid errors due
to the use of a finite basis set.

As expected, our energy-consistent pseudopotentials per-
form significantly better than the other pseudopotentials in re-
producing the all-electron atomic spectra of both carbon and
silicon. For carbon, the mean absolute deviation (MAD) from
the all-electron results is 0.002 eV for our pseudopotential,
more than one order of magnitude smaller than the MAD for
the other pseudopotentials. For silicon, we obtain an MAD
of 0.004 eV while the Trail-Needs pseudopotential gives the
higher value of 0.012 eV. Not surprisingly, the pseudopoten-
tial by Ovcharenkoet al. fails to properly describe all the
atomic configurations of silicon due to the missing p-projector
in the pseudopotentials of all 2nd-row elements. For this rea-
son, we will omit these pseudopotentials from our molecular
benchmark calculations which focus on the 1st- and 2nd-row
elements.

It is important to note that the pseudopotentials by Trail
and Needs present a similar problem for the 3rd- and 4th-row
elements where they lack a d-projector. Therefore, an analo-
gous analysis for germanium gives an MAD of 0.021 eV for
the Trail-Needs pseudopotential compared to an MAD of only
0.008 eV for our pseudopotential. The error increases for the
4th row where, for tin, we obtain an MAD of 0.044 eV when
using Trail-Needs pseudopotential compared to an MAD of
only 0.008 eV for our pseudopotential.

Finally, since the Trail-Needs pseudopotentials were gen-
erated using the Dirac-Coulomb and not the Wood-Boring
Hamiltonian, we also compute the all-electron reference en-
ergies for carbon at the multi-configuration J-averaged Dirac-
Hartree-Fock level. The MAD of the Dirac-Hartree-Fock en-
ergies from the all-electron Wood-Boring values is 0.002 eV
with a maximum deviation of 0.003 eV. Therefore, the larger
errors obtained in the atomic energies of Table I when using
the Trail-Needs pseudopotentials are not due to the particular
choice of the reference all-electron relativistic Hamiltonian.
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Carbon TN OAL This
configuration work

2s2 2p2 0.0000 0.0000 0.0000

2s1 2p3 0.0696 0.0393 0.0018

2s2 2p1 0.0127 0.0184 0.0039

2s1 2p2 0.0451 0.0266 -0.0005

2s2 2p1 3d1 0.0127 0.0183 0.0040

2s2 3d1 0.0487 0.0438 0.0012

2s2 2p1 3s1 0.0135 0.0180 -0.0106

2s1 2p2 3d1 0.0449 0.0264 -0.0005

2s2 3d2 0.0486 0.0438 0.0012

2s2 4d1 0.0493 0.0445 -0.0001

2s2 2p1 4d1 0.0127 0.0184 0.0040

2s2 2p3 -0.0049 0.0141 -0.0011

2s2 0.0499 0.0451 -0.0012

MAD 0.032 0.027 0.002

TABLE I: Errors on the HF excitation energies, ionization potentials
and electron affinities for the carbon atom computed with different
pseudopotentials. The errors are given with respect to the corre-
sponding all-electron scalar-relativistic Hartree-Fockenergies. TN
denotes the pseudopotential by Trail and Needs and OAL thoseby
Ovcharenkoet al. The mean absolute deviation (MAD) is also given.
All energies are in eV.

Silicon TN OAL This

configuration work

3s2 3p2 0.0000 0.0000 0.0000

3s1 3p3 0.0347 -0.0228 -0.0019

3s2 3p1 0.0105 0.0122 0.0070

3s1 3p2 0.0298 -0.0239 0.0037

3s2 3p1 3d1 0.0091 0.0354 0.0074

3s2 3d1 -0.0024 0.4206 0.0012

3s1 3p1 3s1 0.0104 0.0097 -0.0055

3s1 3p2 3d1 0.0272 0.0115 0.0030

3s2 3d2 -0.0032 0.3986 0.0026

3s2 4d1 0.0051 0.2071 -0.0025

3s2 3p1 4d1 0.0097 0.0260 0.0072

3s2 3p3 -0.0107 -0.0116 -0.0059

3s2 0.0088 0.0114 -0.0027

MAD 0.012 0.092 0.004

TABLE II: As in Table I but for the silicon pseudopotential. All
energies are in eV.

As already mentioned in Sec. II B, the atomic excitations ob-
tained using the J-averaged Dirac-Hartree-Fock solutionsare
very similar to the Wood-Boring HF results even for elements
as heavy as gold.

The HF atomic excitation spectra computed with our pseu-
dopotentials can be found for all elements in the supplemental
material13. The largest error we obtain is of 0.043 eV for the
two-fold ionization potential of astatine.

B. Correlated molecular properties

We test the transferability of our pseudopotentials to cor-
related calculations by performing MP2 calculations of the
equilibrium bond lengths and vibrational frequencies, and
CCSD(T) calculations of the binding energies for the 26
1st- and 2nd-row diatomic molecules of the G2-test suite35.
The results are then compared to the corresponding valence-
only-correlated all-electron values computed using the scalar-
relativistic Douglas-Kroll-Hess36–41 (DKH) Hamiltonian. We
also compute the same molecular properties using the pseu-
dopotentials by Trail and Needs11,12.

We use basis sets of V5Z quality for our pseudopotentials
and construct equivalent V5Z basis sets for the Trail-Needs
pseudopotentials. To ensure a fair comparison, we follow the
same procedure outlined in Section II D in constructing these
large and flexible basis sets for both pseudopotentials. Forthe
all-electron calculations, we employ the V5Z basis sets from
Refs. 42–46 in a re-contracted form to be used with the DKH-
Hamiltonian as described in Ref. 47. We restrict both the
pseudopotential and the all-electron basis sets to g-functions
as highest angular-momentum quantum number due to limi-
tations of the program packageGAUSSIAN48 used for these
calculations.

We optimize the bond lengths of the dimers at the V5Z/MP2
level of theory and determine the analytic harmonic fre-
quencies at the same level of theory. The total energies of
the dimers are then computed within V5Z/CCSD(T) on the
V5Z/MP2 optimized geometries. The atomic ground-state en-
ergies are also calculated within V5Z/CCSD(T) and the bind-
ing energy obtained as difference of the energy of the dimer
and the energies of the two atoms.

In Table III, we compare the calculated pseudopotential
bond lengths, frequencies, and binding energies against the
all-electron results. The MAD from the all-electron frequen-
cies is 5 cm−1 and 10 cm−1 for our and Trail-Needs pseu-
dopotentials, respectively. For both pseudopotentials, the
largest error occurs for the LiF molecule: Trail-Needs pseu-
dopotentials give an error of 36.33 cm−1 whereas the error
for our pseudopotential is 22.71 cm−1. For the binding ener-
gies, the MAD for our pseudopotentials is 0.5 kcal/mol which
is less than half the value obtained with the Trail-Needs pseu-
dopotentials. The largest error for our pseudopotentials is 1.75
kcal/mol for SiO while, for Trail-Needs pseudopotentials,is
4.60 kcal/mol for LiF.

Both sets of pseudopotentials yield very accurate bond
lengths with an MAD from the all-electron values of 0.007
Å for the Trail-Needs pseudopotentials and of 0.008Å for
ours. The largest error for our and Trail-Needs pseudopo-
tentials occurs for LiF, and it is equal to 0.031Å and 0.036
Å, respectively. We note that deviations of the order of 0.01
Å do not have a significant impact on other properties such
as the binding energy: For example, a compression of 0.013
Å from the all-electron equilibrium distance causes a change
in the binding energy of the P2 dimer of only 0.05 kcal/mol
in a CCSD(T) all-electron calculation. Even in the case of
LiF where we have the largest error, a compression of 0.036
Å from equilibrium raises the all-electron CCSD(T) binding
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Bond length Frequency Ebinding

(Å·10
−2) (cm−1) (kcal/mol)

Dimer TN This work TN This work TN This work

LiH 2.84 -0.77 -30.10 -12.00 2.28 0.02

BeH -0.60 -0.50 1.70 2.85 -0.32 -0.09

CH 0.08 -0.11 -10.6 -5.61 0.55 0.21

NH 0.07 -0.04 -8.24 -5.91 0.62 0.40

OH 0.08 -0.01 -7.54 -4.90 0.52 0.27

HF 0.07 -0.01 -5.96 -4.31 0.48 0.15

HCl -0.22 -0.51 9.75 5.81 -0.61 -0.50

Li2 1.55 -1.31 -6.09 -0.80 0.86 -0.33

LiF 3.51 -3.59 -36.33 -22.71 4.60 -1.28

CN -0.04 -0.42 -27.04 -20.22 1.98 -0.52

CO 0.12 -0.34 -12.27 -2.88 1.78 -0.94

N2 0.09 -0.24 -13.14 -6.77 1.96 -0.24

NO -0.01 -0.19 34.55 -8.05 2.01 0.28

O2 0.33 -0.01 -11.86 0.32 1.49 -0.06

F2 0.35 -0.08 -4.52 2.91 0.66 -0.18

Na2 -1.59 -1.43 -0.10 -0.51 -0.25 -0.18

Si2 -0.94 -1.22 4.77 1.77 -0.77 -0.64

P2 -0.97 -1.29 9.14 4.59 -0.83 -0.41

S2 -1.04 -1.45 7.38 5.41 -1.17 -0.92

Cl2 -0.75 -1.44 2.04 2.48 -0.45 -0.74

NaCl -2.60 -1.50 4.12 -2.14 -1.33 0.26

SiO -0.35 -0.97 6.88 -3.07 -2.05 -1.75

CS -0.32 -0.86 2.36 2.59 -0.22 -1.17

SO -0.75 -1.07 8.93 6.14 -1.14 -1.56

ClO -0.47 -1.45 5.03 7.40 -0.12 -1.09

ClF -0.27 -0.87 -0.31 0.30 0.29 -0.48

MAD 0.7 0.8 10 5 1.1 0.5

TABLE III: Errors on the V5Z/MP2 bond lengths, the V5Z/MP2 vi-
brational frequencies, and V5Z/CCSD(T) binding energies for 26
dimers using our pseudopotentials and those by Trail and Needs
(TN). The errors are given with respect to the correspondingall-
electron values computed at the same level of theory using the DKH
Hamiltonian to account for relativistic effects.

energy by only 0.17 kcal/mol.

C. Pseudopotential performance in QMC

We address two issues specific to QMC, that is the localiza-
tion error in DMC and the efficiency in VMC. For all QMC
calculations, we use theCHAMPprogram package49.

In the DMC method, one obtains the best energy within
the fixed-node approximation, i.e. the lowest-energy statewith
the same zeros (nodes) as a given trial wave function. In the
presence of non-local pseudopotentials, the standard DMC ap-
proach cannot be applied and the so-called “locality approx-
imation” is usually employed, which approximates the non-
local potential with a new effective core potential by local-
izing the non-local potential on the trial wave function8,50–52.

Carbon Silicon

TN This work TN This work

σ 0.281 0.258 0.118 0.104

τcorr 1.16 1.16 1.19 1.17

TCPU 1.00 1.00 1.14 1.00

κour/κTN 1.19 1.49

TABLE IV: Relative efficiencyκour/κTN of our and Trail-Needs
(TN) pseudopotentials.TCPU is the computer time for a VMC run
of the same length, relative to the time obtained with our pseudopo-
tentials.σ is the root-mean-square fluctuations in a.u. andτcorr the
autocorrelation time of the local energy computed in a VMC run.

This new effective potential is explicity many-body but is lo-
cal and can be easily incorporated in a DMC algorithm. How-
ever, the potential depends now on the trial wave function, and
the energy computed in DMC is no longer necessarily varia-
tional and depends on the quality of the trial wave function53.
As the trial wave function approaches the fixed-node solution
obtained without the locality approximation, the DMC energy
converges to the correct fixed-node energy.

To estimate the effect of the locality approximation for a
given pseudopotential, we employ three different wave func-
tions with the same determinantal component and, conse-
quently, the same nodes, but with different Jastrow factors.
We use no Jastrow factor, a two-body, and a sophisticated
three-body Jastrow factor54 whose parameters are optimized
by energy minimization55. For the determinantal component,
we use a single HF determinant computed with an uncon-
tracted even-tempered single-particle basis of 9 s- and 9 p-
functions whose exponents were separately optimized for both
pseudopotentials as described in Section II D.

In Fig. 2, we plot the fixed-node DMC energy (EFN) of the
carbon and silicon atoms for the three wave functions and for
our and Trail-Needs pseudopotentials. As the wave function
becomes more accurate, the difference between the variational
Monte Carlo (VMC) and the fixed-node energy goes to zero,
and the fixed-node energy approaches the value one would
obtain without the locality approximation (it can be estimated
by extrapolation as Eextr

FN ). If the pseudopotential were local,
the fixed-node DMC energy would not depend on the Jastrow
factor, so the slope of the curves in Fig. 2 gives a qualitative
idea of the size of the localization error for the different pseu-
dopotentials. We find that the two sets of pseudopotentials
perform comparably: For carbon, the Trail-Needs pseudopo-
tential gives a slightly smaller localization error than our pseu-
dopotential while the behavior of the two pseudopotentialsis
identical for the silicon atom.

Finally, we estimate the relative efficiency of our and Trail-
Needs pseudopotentials in a VMC calculation of the total en-
ergy obtained as an average the local energyEL = Ψ−1HΨ
over the configurations sampled from the square of the wave
functionΨ. To quantify the efficiency, we compute the ratio
κour/κTN with κ defined as

κ = 1/(σ2 τcorr TCPU) , (9)

where TCPU is the computational time,σ the root-mean-



7

     0.000

     0.002

     0.004

     0.006

     0.008

     0.010

     0.012

     0.014

 0  0.02  0.04  0.06  0.08  0.1

E
F

N
 -

 E
ex

tr
F

N
  (

a.
u.

)

EVMC - EFN  (a.u.)

Our carbon
TN carbon
Our silicon
TN silicon

FIG. 2: Fixed-node DMC energies (EFN) for the carbon and silicon
pseudo-atoms computed for our and Trail-Needs (TN) pseudopoten-
tials. For both atoms and pseudopotentials, we use as trial wave
function a Hartree-Fock determinant with no Jastrow, a two-body
and a three-body Jastrow factor. A more accurate wave function cor-
responds to a smaller difference between the VMC and the DMC
fixed-node energies. Eextr

FN denotes the fixed-node energy which is ob-
tained by extrapolation for each system.

square fluctuations of the local energy, andτcorr the autocor-
relation time of the local energy calculated as explained in
Ref. 56. A larger value ofκ corresponds to a smaller product
σ2 τcorr TCPU and, therefore, a higher efficiency. The statisti-
cal error on the energy decays asσ

√

τcorr/M with the num-
berM of Monte Carlo samples, so a smallerσ2τcorr requires
a shorter VMC run to obtain the same statistical error on the
energy. Then, for a fixed length of the run, one also desires a
small value ofTCPU, which will depend on how often the non-
local component of the pseudopotential must be computed or,
equivalently, on how compact in space the non-local compo-
nentsVl(r) (Eq. 2) are.

In Table IV, we collect the results for the carbon and silicon
atoms obtained with our and Trail-Needs pseudopotentials.
The pseudopotentials for the two atoms are shown in Fig. 1.
As trial wave function, we use a single determinant multiplied
by a sophisticated three-body Jastrow factor and optimize all
parameters in the orbitals and in the Jastrow factors by energy
minimization. We use the same single-particle basis for the
orbitals as in the calculations for the localization error.To al-
low a fair comparison ofTcorr, we put all pseudopotentials on
a grid instead of using their Gaussian form since the expansion
in Gaussian functions of the Trail-Needs pseudopotentialsis
much longer than that of our pseudopotentials. For all pseu-
dopotentials, we do not compute the non-local component if
all non-localVl(r) are smaller than 10−4.

We find that the autocorrelation timeτcorr is roughly the
same for both pseudopotentials while our pseudopotentials
yield smaller fluctuations of the local energy. For silicon,our
pseudopotential is more compact giving a saving in compu-
tational time: The non-local componentsVs(r) andVp(r) of
our pseudopotential are smaller than 10−4 beyond a radius of

2.33Å and 2.38Å, respectively, while the corresponding radii
for Trail-Needs pseudopotential are 2.43Å and 3.13Å. From
the ratiosκour/κTN, we conclude that, for the carbon and sil-
icon atoms, our pseudopotentials are respectively about 19%
and 49% more efficient than Trail-Needs pseudopotentials.

IV. CONCLUSIONS

We present non-singular energy-consistent scalar-relativi-
stic Hartree-Fock pseudopotentials for the main-group el-
ements, and demonstrate their accuracy and transferabil-
ity by performing extensive benchmarking. We compute
the Hartree-Fock atomic excitation spectra of all elements,
obtaining excellent agreement with the corresponding all-
electron results. To test the transferability to correlated cal-
culations, we use a test-suite of 26 first- and second-row di-
atomic molecules, and find that our pseudopotentials repro-
duce the valence-only-correlated all-electron CCSD(T) bind-
ing energies and MP2 vibrational frequencies with a mean av-
erage deviation of 0.5 kcal/mol and 5 cm−1, respectively. Fi-
nally, we provide a variety of basis sets (VnZ with n=D,T,Q,5
for 1st and 2nd row, and n=D,T for 3rd to 5th row) optimized
for our pseudopotentials. The basis sets and the pseudopoten-
tials are given in a standard Gaussian representation and, to
our knowledge, can be used in every standard quantum chem-
istry program package which supports pseudopotentials.

Non-singular pseudopotentials for QMC have been pub-
lished before by two other groups but they are inferior to the
pseudopotentials generated in this work. The pseudopoten-
tials by Ovcharenkoet al.9,10 do not account for relativistic
effects, cover only a small part of the periodic table, are not
delivered with basis sets, and do not provide a p-projector for
the second-row elements. The pseudopotentials by Trail and
Needs11,12 do account for relativistic effects and are available
for a large number of elements. However, they also lack the
corresponding basis sets, and their transition-metal and post-
transition-metal pseudopotentials do not include a d-projector
but treat the d-potential as local. In addition, we show thatour
pseudopotentials give a higher accuracy both when comput-
ing the Hartree-Fock excitation spectra and in the correlated
calculations of the dimer binding energies and vibrationalfre-
quencies, where the average error is two times smaller than the
one obtained with the Trail-Needs pseudopotentials. Finally,
we test the behavior of our pseudopotentials within QMC for
the carbon and silicon atoms, where we recover a comparable
size of the DMC localization error but a higher efficiency than
when using the Trail-Needs pseudopotentials. The pseudopo-
tential and basis-set data is available from the supplemental
material13 and from the authors institute homepages14,15.

Future directions of this work include the generation of
transition-metal pseudopotentials and the correspondingbasis
sets.
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17 P. A. Christiansen, Y. S. Lee, and K. S. Pitzer, J. Chem. Phys.71,
4445 (1979).

18 W. J. Stevens, H. Basch, and M. Krauss, J. Chem. Phys.81, 6026
(1984).

19 W. R. Wadt and P. J. Hay, J. Chem. Phys.82, 284 (1985).
20 G. P. Kerker, J. Phys. C13, L189 (1980).
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