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Abstract \

A new method is reported for dem accurate two-body interatomic potentials from existing ab

initio data. The method av, mt(@mputational complexity of alternative methods without sacrificing

accuracy. Two-body 9«: developed for He, Ne, Ar, Kr and Xe, which accurately reproduce
the potential ene )SaNter-atomic separations. Monte Carlo simulations of the pressure, radial

distribution fuhction“and isochoric heat capacity using the simplified potential indicate that the results

are in very-elosc; nd sometimes almost indistinguishable, agreement with more complicated current

state;0f=th t\)o-body potentials.
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Publishing
The macroscopic properties of materials, irrespective of whether in the liquid, gas or solid state,
are ultimately determined by the nature of interactions between their constituent atoms or molecules.!

In most instances, the dominant contribution from such interatomic or intermolecular interactions can

be attributed to the sum of interactions between all of the different pa1< atoms or molecules, i.e.

two-body interactions. Although it is well-documented®* that t % of three— or more-body
ies

i
interactions are required for an accurate representation of the p 015§t materials, the dominance of
—
s is

two-body interactions means that understanding such interaétion paramount importance.
Information regarding two-body interactions i@ces tblevia experimental properties such as

second virial coefficients or viscosities of dilute es. @m a theoretical perspective, two-body

interactions can be evaluated via molecular sirﬂk@ xcept for ‘on-the-fly’ simulation techniques

t1
such as the Car-Parrinello method,® the moach requires the postulation of a two-body
(u

interatomic or intermolecular potent\ to determine either the energy or force of interaction

1
between the particles at a given se mtjo\(r :

The noble gases hav bzgn)jthe cus of many investigations’? for two-body potentials. The
e

als for Ar or Kr adopted a semi-empirical approach involving

earliest successful two-body
£
fitting a potential t()((ﬁ egiperimental data. An example of this approach is the Barker-Fisher-

Watts (BFW) p@l w
£
- V.

AlR-T) et Y

9
o100+ R"

ich has the following form

(1)

where, R = r/ r... and rmin defines the interatomic separation at which the potential has a minimum (¢).

The potential involves the Cs, Cs and Cio dispersion coefficients; the remaining terms were obtained by
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ing to expenmental data. In contrast, more recent advances in computational chemistry?® have
Publishing
witiicssed the development of two-body potentials from first principles or ab initio data.® 131427 The
advent powerful quantum mechanical methods—particularly the CCSD(T) method—and the
improvement of computers, pair potentials of increasing accuracy have been developed. The reader is
referred to refs. 8, 13, 14 and 27 and publications cited therein. \

In a series of publications,'% Jéger, Hellmann, Bich and Yo )(HBV) have reported highly
accurate two-body ab initio data for all the stable noble gases, the

i‘c'l) sed to obtain analytical two-
—

body potentials. A modified aug-cc-pV7Z basis set was uséd'*for He. Calculations for Ne, Ar and Kr

used correlation-consistent basis sets®!?? involving@lari -valence sextuple-zeta contributions,
which was further extended® for Xe. L.‘_)

For He, the JHBV potential is based in pait onthe formula of Tang and Toennies.?

N

=

8
U(r)yy = Aexp(a,R+a,R* +a_R™ + QQK d,sin(d,R+d,)) = Y. fo,
n=3

where \
Su()=1-¢" \ )

kok'

2)

In Eq. (2), R =7/ o- 1ch is the interatomic separation relative to the separation (o) at which u(r) = 0.

)

The paraKwﬁ az, a1, a2, b, di, d2 and ds where fitted to the ab initio data with f, (x)=1. The
ar dispersion coefficients.

ms
r ¢ are some subtle variations for the different atoms but the general form for the JHBV

pote 1al or Ne, Ar, Kr and Xe is
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Publishitng, sy = Aexp(alR +a,R"+a_ R +a_R )— Zfzn(bR) o,
- R R<R,
g 4)
A .
u(r)ypy = —e " R2R,
R
where Rs: is an atom-specific short range cut-off distance. The se term is used to extend the

JHBV potential to interatomic separations not covered by the z%ﬂh{a. Comparison with Eq. (2)
shows that accurately representing the properties of He ficcessi ::n additional term that is not
required for the remaining noble gases. = &3

Although the JHBV potentials are highly erattqu arguably ‘state-of-the-art,” they are
computationally expensive and as such impractﬁsz[t\he evaluation of the properties of materials. The

computational difficulty is largely causewion of the Tang and Toennies®® formula, which

also forms the basis of alternative intgrato potentials such as the Nasrabad and Deiters® Patkowski
and Szalewicz!® potentials. The e lu&i@&}ithe second term of Eq. (4) involves a nested summation
involving Eq. (2). This alonedmposes a considerable computational cost for the evaluation of energy,
which is compounded further mb derivative is required to obtain either the virial or the force. The

£
requirement for a gubsti p6tential at small interatomic separations is also computationally

undesirable. 3
It is ot advisable to omit the short-range potential. If neither parameter a-1 nor a- is positive,
-~ £
the uncofrected J) V potential runs to negative-infinite values for R —0. The simulation ensemble of
a Mfnte Cesr imulation using the uncorrected JBHV potential is likely to collapse to a state of
fm.%e ity.
~
The aim of this work was to develop alternative interatomic two-body potentials to accurately

represent the ab initio data for noble gases at minimal computational cost at all interatomic separations.
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ew method for the development of interatomic potentials is reported, which is in principle

Publishing

tranisicrable to other cases. It results in a compact and mathematically simpler interatomic potential.

II. THEORY

A. Development of a new two-body potential 3\
The selection of the functional form of the new two-body poteh&d\ guided by the following
considerations: ‘) —~—
—
1. A proper two-body or pair potential function u(r)Q@f)ts the abscissa exactly once at the

distance (“collision diameter”) . It is positivec,ml rrrojlotonously decreasing for » < g, and it is

A
negative for » > ¢; in the latter range it paés{hro h a single minimum.

2. At long distances, u(r) is dominated &dﬁ\Qﬁan interactions. Therefore it must monotonously

converge against zero according to %7 ~

3. At short distances, u(r) i@é y Pauli repulsion (orbital overlap). As discussed by

Pathak and Thakkar®® as well as_by Deiters and Neumaier,’ this repulsion can be described
approximately by an ¢ %term.
£
) ta

4. In particular,‘/x I{proach +o0 for r — 0.

Figure 1 shofys the behavior of u(r) r° (energy measured in K) as a function of distance. In accordance
with the eaairelge s listed above, this function exhibits a high (positive) maximum at short distances
and Eall% egative) minimum after the only intersection with the abscissa. It runs towards a

ns%nt\ ative value at large distances. The diagram suggests a function containing a constant
negatiye term, plus an exponential term with a small decrement for the attractive well, plus an exp(r)/r

term with a large decrement for the repulsion zone. The resulting simplified ab initio atomic potential

(SAAP) is
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Publighing_ | (a—o)exp (a,r)+a,exp(a;r)+a,

r

A 1+ a5r6 | (5)
with ao, as > 0 and a1...4 < 0. Helium, for which ab initio data at extremel(Wémall distances are
available, requires one additional parameter in the repulsive exponenti .Wded potential
(SAAPx) then becomes \

Q\
—
(ao)exp(alr+a6r2)+a2 exp(ayr)+a, b
r -

u r)= , (

SAAPX( ) 1+a5r6 !) (6)

o

N

a6 < 0. Evidently, this pair potential c&lsbuﬂed for the other noble gases by setting as = 0.
4 4

e W W' T T 11

r(nm)

FIG 1. Comparsion of the SAAP behavior for u(r) 7° (solid line) with ab initio data (@) for Ar.
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USAAP(I') OF USAAPx, respectively, to the ab initio noble gases data of Jiger, Hellmann, Bich and Vogel.'®-

25 For argon, neon, and helium a weight function exp(—a/r) was applied to enforce a better agreement in

the regions of thermodynamic relevance.

The parameters for the noble gases are summarised in Table I. F{R\{llustrates the values of
the parameters with respect to the atomic number (Z). In both Table Q Figure 2, the a; parameters
are reduced with respect to ¢ and o. It is apparent from Table Kthatitheréus relatively little variation in

T~
the reduced values of a1, a3, a4 and as. In contrast both ao (Figure 2)'and a2 (Figure 2) vary greatly with
Z, which indicates their importance in capturing the di@ent chemical nature of the atoms. We observe
that the magnitudes of aoand a2 parameters (Table re not'consistent with the overall trend for the

other noble gases, which may reflect uncertainﬁ&%b{a re of the parameter estimation as discussed
arameters.

above as well as strong correlations between th

.

TABLE I. Summary of the two-b&@hd SAAPx parameters obtained in this work.

He (SAAPX) 4« He Ne Ar Kr Xe
elk (K) 10.9253656 115 9)3377 42.36165080 143.4899372 201.0821392  280.1837503
o (nm) 0.2639244 02639781646 0.2759124561  0.3355134529  0.357999364  0.3901195551
a, | eo 24238.01564 1648.44026 211781.8544 65214.64725 60249.13228 44977.3164
a,0 -5.93 93%;8 9.829947619  -10.89769496  -9.452343340  -9.456080572 -9.121814449
a, /e -1177928721 -6.482831445  -20.94225988 -19.42488828  -24.40996013 -29.63636182

a,o 1.821078761 -0.5073208921  -2.317079421 -1.958381959  -2.182279261 -2.278991444
a, /& ' %62298939 -0.4906026951  -1.854049559  -2.379111084  -1.959180470 -1.876430370
a; /o® 0.3703465767  0.9921472732  0.7454617542 1.051490962 0.874092399  0.8701531593

a, | ghe 30773756 0 0 0 0 0
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FIG 2. The value of the reduced SAAP ao (X)&L@G.!?axis) and as(A) (RHS y-axis) parameters as a
he

function of atomic number. The lines thr a are for guidance only.

\ h
Compared to the JHBV pN g. (4)), the SAAP has two simple exponential terms, but
more importantly, the needdfor thenested summation terms involving the dispersion coefficients has
been eliminated. The SAAP sMieeds‘only 6 or 7 parameters, whereas 14 parameters are required for Eq.
(4). It is also Valid(‘u\&Knte tomic separations and as such it does not require an alternative pair

potential at small )rations.

V.
n S

B. Simulation)details

ﬁ

anon'}cal (NVT) Monte Carlo (MC) simulations were performed for which the number of
paﬁe&(N), volume () and temperature (7) were held constant. A system size of 1000 atoms was

used and periodic boundary conditions were applied. Initial configurations were created by placing the

atoms at random locations in a very large cubic simulation box, and then compressing this to the
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eC volume. The cut-off radius was set to 40, and corresponding long-range corrections were
Publishing
evaiuated numerically using Romberg’s method.® The simulation ensembles were equilibrated for
40,000 cycles (with a simulation cycle consisting of N attempted particle displacements); after that,
statistical data were collected from 800,000 cycles (4 parallel thre? of 200,000 cycles). The
maximum displacement size was adjusted continually to achieve a 50% c&p%ce rate. The ensemble

pressure was calculated using the virial theorem.’ The residual 1so rlc heat capacity (Crr) was

obtained from fluctuations of the total potential energy (U) of thE's te

2
CVr kT2 [ U (7)
where U is calculated by summing the all th t‘e%ﬂ_palrs of atoms interacting via the potential, and

the angled brackets denote ensemble i w “Lhe structure of the noble gases was investigated by

calculating the RDF (g(7)) from th@ lowing formula!

&) NN 1)<Z (V)Ar> ®)

where n(r)Ar is th nu%b&&f atoms that exist in the region between » and r+Ar; here a channel width
é\

Ar of 0.01 n

UL'% AND DISCUSSION

A. %}tial energy curve for He

SR& described above in the development of the SAAP, He poses considerable challenges

requiring an additional parameter resulting in the SAAPx. The difficulty has also been recognised in
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vicitity of the potential minimum.

ulk (K)
b
(o)}
1

104 |

-10.8 |

A2 L. :
0.28 Ya&‘ 0.3 0.31 0.32
\\ r (nm)

FIG 3. Comparison of the ab initiop%&tial energy of He (X)) with SAAP (solid line) and SAAPx

(dashed line) calculations at@nic separations close to the attractive well.
Q

V.

Both potentials yi ldebly good agreement with the ab initio data, however the SAAPx slightly

tial energy in the vicinity of potential minimum..

10
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FIG. 4. Comparison of the ab initio potential'energy.of He (X) with SAAP (solid line) and SAAPx (red

dashed line) calculations at interatomi aratigns in the repulsive region. Calculations with the
Lennard-Jones potential (blue dashed line, SQ% 6.03 K, 0=0.263 nm) are also included.

Interatomic separations th%&ond to dominantly repulsive contributions to the potential

energy are illustrated in Fi reﬁﬁhe SAAP provides an accurate presentation of repulsion until » =
éPx

0.12 nm where after the SA equired, because otherwise the repulsion would be too steep. Figure
5 also includes a ¢ risonswith the 12-6 Mie potential (i.e., the Lennard-Jones potential), which

greatly exaggera Q)ulsion starting from separations of » = 0.12 nm.

4

B. P entia5energy curves of Ne, Ar, Kr and Xe

ﬁ
&w)nparison of the overall potential energy predicted by the SAAP with ab initio two-body

data‘is given in Figure 5.

11
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FIG. 5. Comparison of ab initio potential enA\TCrfer.Ne (»), Ar (@), Kr () and Xc (®) with SAAP

calculations (solid lines). \
\ S
m edicts the two-body potential energy of the remaining

It 1s apparent from Figure 5 that he\
noble gas to a high degree of ac@ The potential minimum, repulsive region and interactions

occurring at large separa '0@1 predicted accurately. This is also the case at small separations
£

(Figure 6), which agé often q};{te challenging to describe accurately. Figure 6 also illustrates a

comparison with Iennard-Jones potential, which starts becoming too repulsive even at modest

separations of 7 = (.34 nm and » = 0.38 nm for Kr and Xe, respectively.

12
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FIG. 6. Comparison of ab initio potential engrgrescfor Kr () and Xe (@) at repulsive interatomic
separations with SAAP calculations (solid lines). Calculations with the Lennard-Jones potential
(corresponding dashed lines) for Kr (gk =137 1.0K, o= 0.360 nm) and Xe (¢k =217 K, o= 0.395 nm)

are also included. \
It is apparent from thie preegeding analysis of the noble gases that the SAAP reproduces the ab
initio potential energies{to a/hig egree of accuracy. Nonetheless, the limited number of parameters

used means that it A\Kah ic to exactly match the quality of agreement with the multi-parameter

ial, Q:ularly at small interatomic separations. The question is what effect does the

relatively sm: dfffe;ﬁnces between the SAAP and the JHBV potential have on predicted properties?

-ﬁ
To addre%&ue, we analysed predicted RDFs, p and Cr» from molecular simulation.

U

5\, 7 RDFs

13
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Tig. 7. These state points were chosen because Ar is in the homogeneous liquid and vapor phase,
respectively.

A

[ r r r 1 r r7T
o \
s P
[ —_—
25 F
_ A % =§500 cm®/mol
> 2 b ,)
15 F =
- V = 28.5 cm’/mol
1h
0.5 :
of
0.2

. . . . 1.2
\\ r(nm)

FIG. 7. Comparison of R btaingd from the JHBV potential (solid line) for Ar with results
obtained for the SAAP (@) in liquid'(28. 5 cm?®/mol) and vapor (500 cm?/mol) phases at 7= 130 K.
The RDFs for the Vayr phase arg! shifted by + 1.

It is apparent rD Figure 7 that the results for the SAAP and JHBV potential are almost

indistinguishableffrom each other, indicating that the SAAP potential faithfully reproduces the ab initio
g ? g

-

structure 'Qf the %,li in both vapor and liquid phases.

_—

Hav'xslg established the equivalence between the SAAP and JHBV potential, we compared the

p \d"n;io&s of the SAAP with experimental RDFs. Such a comparison for Ar is illustrated in Fig. 8 for

31,32

experimental data’~°* of a liquid state (ambient pressure, 7= 85 K) close to the triple point and a dense

14
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icpresents the RDFs at both these extreme conditions.

g(r)

\\ r(nm)
FIG. 8. Comparison of experimental RBE data®'*? (@) at T'= 85 (V' = 28.27 cm?/mol) and 350 K (V' =

49 cm*/mol) with predlctlon@w SAAP (solid lines). The data for 350 K are shifted by +1.
D. pand Cy /

The va Qboth p and Cywr predicted for Ar by the JHBV potential and the SAAP are

illustrated in
—

obtained or p vﬁsith the SAAP are almost indistinguishable from the JHBV potential values. Good

_—

ig . I}i apparent from this comparison that Cy» declines with increasing p. The results
agreement isalso observed for Cr», although the SAAP values are consistently slightly lower than those

0 B‘(’:Q‘or the JHBV potential. It should be noted that the SAAP was not fitted to the JHBV potential,

but evaluated independently from ab initio data. In the absence of ab initio p and Cy» data, the relative

15


http://dx.doi.org/10.1063/1.5085420

| This manuscript was accepted by J. Chem. Phys. Click here to see the version of record. |
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Cir vaiues from first principles are both difficult and prone to considerable uncertainties.
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FIG 9. Comparison of p (LHS y-&%}w (RHS y-axis) for Ar predicted by the JHBV potential

((p(O), Crr (L)), the SAAP (p(®), A)) and the Lennard-Jones potential (red and black dashed
lines) for ¥ = 28.5 cm*/mo orresponding experimental values** (red and black solid lines) are
also illustrated. At most the JHBV and SAAP results for p almost exactly coincide with

of
each other. y
/ y.

Figure 9 Svaj)ro ides a comparison with both experimental data** and calculations with the

Lennard-Jon p(:}e @al. Both the SAAP and JHBV potential under-predict p, which can be expected
are n{inely two-body potentials, whereas p has well-documented®® contributions from

because they«
threeffonmosg-body interactions. For reasons that are discussed below, the Lennard-Jones calculations

~

er-p ictSp at 7 > 140 K. The SAAP and the JHBV potential both yield good agreement with
&ﬂmental Crr data, whereas the Lennard-Jones potential under-predicts this property at most

temperatures. This suggests that Cy» for Ar is dominated by two-body interactions.

16


http://dx.doi.org/10.1063/1.5085420

| This manuscript was accepted by J. Chem. Phys. Click here to see the version of record. |
AI P A similar comparison for p and Cy» predicted for the SAAP and JHBV potential and for Xe is

Publishing
givei in Fig. 10. In common with Ar, p values obtained for the two potentials are in excellent
agreement over the entire temperature range. Comparison with experimental data indicates that the

two-body potentials under-predict p. The calculations with the Lennard-Jones potential are in better

agreement with experiment but straddle the data either side of 500 K. \

600 8.5
500 | 8
i 75
400
—_ 17 <
> - S
o
£
S s00f £
< i 6.5 Os
200 | ]
i 6
100 |, 155

@E||||5

0 400 500 600 700 800

gs 4 T (K)

FIG 10. Compariso (LHS y-axis) and Cy» (RHS y-axis) for Xe predicted by the JHBV potential
((p(O), Crr (A))4t Oé%‘{ (p(®), Cyr (A)) and the Lennard-Jones potential (red and black dashed
lines) for V=4 3/fol. The corresponding experimental values®® (red and black solid lines) are also

illustrated. A¢*most values of 7, the JHBV and SAAP results for p almost exactly coincide with each
other. 4
w

The ‘fw values for both two-body potentials shown in Fig. 10 are also in close agreement.

é&e}ﬁe&in contrast to the very good agreement at all values of 7 obtained for Ar, both the SAAP and
the J

V potential predict values of C- for Xe that are noticeably higher than the experimental data.

Furthermore, unlike the Ar case, the Lennard-Jones calculations do not under-predict Cyr. The

17
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epancy with experiment can be at least partly attributed to the greater role of three-body and other
Publishing

iiuiti-vody interactions for the considerably larger Xe atom. Calculations for Kr (not illustrated in Fig.

9) also overestimate Cy» but the magnitude of the discrepancy is smaller than for Xe. This is consistent

with the contribution of non-additive interatomic interactions being proportional to the atomic weight.

It has been previously established®® that two-body interactions alone ar%ate for the prediction
}ng for quantum effects.

of the thermodynamic properties of either He or Ne, which require ccéqK

v (cmS/moI)

£
FIG 11. @ i oﬂ/ of the dense fluid pvir behavior of Ar at T = 300 K predicted by the SAAP (@)

and the [ nnardﬂones potential (O) with experimental data®* (solid line).
-~
&i@)pparent from the comparsion of the potential energy obtained form the SAAP illustrated in
Fig. t@ there is a considerable difference with the results obtained for the Lennard-Jones potential at
small interatomic separations. Such interatomic separations are commonly encountered at high

densities and we would expect the pressures to be considerably affected. Fig. 11 compares the virial

18
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tiic supercritical temperature of 300 K. Slightly lowering the volume of the dense fluid results in a rapid
increase in pvir, which quickly approaches and then exceeds 1 GPa. However, it is apparent that pvir

obtained from the SAAP is considerably less than the Lennard-Jones values and the difference between

the two potentials widens with increasing density. The comparison wi erimental data indicates

that the excessive repulsion of the Lennard-Jones potential over-pre } the true pressure of dense

fluids and solids.
o
—
IV. CONCLUSIONS \;?
A new method is reported for develo M te two-body interatomic potentials, which

involves systematically accounting for th sa:h@mres of two-body interactions. Using this method,
the ab initio potential energies of He, SA\r,‘ Kr and Xe can be accurately represented at all
separations via a 6 or 7 param \\iw mic potential. The potential avoids the computational
complexity of alternative pr res such as the use of the Tang-Toennies formula. Comparison with

molecular simulation results indicates that the structures of vapor and liquid phases obtained from the
£
ol

indistinguishable from existing more complicated alternatives,

simplified potentiak/i‘
providing very @ree ent with experimental data. The two-body potential provides a realistic
Isi

description Q‘sm at small interatomic separations and good agreement with experiment for the
N/

isochoric heat capacities of Ar at liquid densities.

)
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